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PERTURBATION  OF  HOMOCLINICS  AND  SUBHARMONICS 
IN  DUFFING'S  ELATION 


by 


Jack  K.  Hale  and  Adalberto  Spezamiglio 


ABSTRACT 


For  (A,y)  and  (g,f)  small,  the  equation 

x  -  x  ♦  2x3  ♦  g(x)  *  -Ax  +  p[cos  t  ♦  f (t) J 

is  considered  near  the  separatrix  S  of  the  unperturbed  equation  (A,u)  =  (0,0). 
For  (g,f)  in  a  neighborhood  of  the  zero  functions,  a  complete  description 
is  given  of  the  bifurcation  curves  in  (A,p)  -  space  to  homoclinic  points. 

The  perturbation  of  subharmonics  outside  S  is  also  considered  in  a  symmetric 
and  nonsymmetric  case. 


Perturbation  of  Homoclinic;?  and  Subharmonics 
in  Duff inn's  Equation 

I.  Introduction 


Recently,  a  considerable  number  of  articles  have  been 
devoted  to  the  study  of  strange  attractors  and  how  some  of  them 
arise  near  homoclinic  orbits  from  successive  subharmonic 
bifurcations.  Different  methods  have  been  used. 

In  12],  the  reduction  of  Liapunov-Schmidt  is  used  in 
a  second  order  equation  with  small  time-periodic  forcing  and 
damping,  such  ..hat  the  unperturbed  equation  has  a  homoclinic 
orbit  r  through  zero.  Regions  in  parameter  space  near  zero  .are 
described  where  there  are  either  horaoclinic  points  or  no 
homoclinic  points  for  the  perturbed  equation  near  r .  Those 
regions  are  defined  by  the  bifurcation  curves  to  horaoclinic 
points,  and  the  same  analysis  is  done  with  respect  to  subharmonic 
solutions.  Furthermore,  it  is  proved  that  the  bifurcation  curves 
to  subharmonics  of  order  k  approach  the  bifurcation  curves  to 
homoclinic  points  as  k  *  ®.  See  also  T 1 ]  for  more  details. 

In  T3],  Greenspan  and  Holmes  apply  results  based  on 
Melnikov's  method  [6]  in  Duffing's  equation  perturbed  by  small 
dissipation  and  time-periodic  forcing.  In  this  case,  the 
unperturbed  equation  has  a  pair  of  homoclinic  orbits  r+,  r 
through  zero.  Some  calculations  are  shown  with  respect  to 
homoclinic  and  subharmonic  bifurcation  curves.  Also,  perturbation 
of  subharmonic  solutions  outside  the  separatrix  r+  u  {0)  u  r” 
is  considered. 


i 


2 


The  above  papers  may  be  used  for  further  references. 
Here,  we  consider  the  perturbed  Duffing  equation 

(1.1)  x  -  x  +  2x3  +  g(x)  =  -X*  +  u i cos  t  +  f(t)  I 

where  g(0)  =0,  g  has  continuous  derivatives  up  through 

order  two  in  f-A,A],  A  »  0,  f  is  continuous,  2n-periodic 

2 

and  p  =  (A,p)  is  a  parameter  in  R  .  If  g  =  0,  f  =  0  and 
o  =  0,  then  equation  (1.1)  has  a  pair  of  symmetric  homoclinic 
orbits  r+,  r  through  zero.  We  are  concerned  with  the 
behavior  of  the  solutions  of  (1.1)  near  the  separatrix 
S  =  r  >j  (0>  u  r~  for  p,  g  and  f  small  in  a  sense  that 
will  be  specified.  Our  treatment  follows  r  2  I . 

If 

We  will  denote  by  C  Ta,b!  the  set  of  all  functions  g 
that  are  continuous  together  its  derivatives  up  through  order  k 

i. 

in  [a,b],  k  a  positive  integer,  with  the  C  -norm  ( g ( ^  . 

B (R)  is  the  set  of  all  continuous  and  bounded  functions  f  on 
R  with  the  supremum  norm  !f|„,  and  PT  is  the  set  of  all 
continuous  and  T-periodic  functions  on  R,  with  the  norm 
induced  by  B(R).  If  f  is  in  P2T,  we  saY  that  f  is  odd 
harmonic  in  P2T  if  f ( t+T)  *  -f(t)  for  all  t. 

Consider  now  equation  (1.1)  with  g  an  odd  function 
and  |gl2  small.  Then  r+,  r”  are  still  symmetric,  and  if  in 
addition  f  is  odd  harmonic  in  P-  ,  that  is,  f(t+w)  *  -f(t), 

♦  IT 

then  the  bifurcation  curves  in  p-space  to  homoclinic  points  in 
the  left  side  of  S  near  r~  coincide  with  the  bifurcation 
curves  to  homoclinic  points  in  the  right  side  of  S  near  r*. 
That  is,  we  have  sectors  in  p-space  defined  by  two  curves  Cm  , 
CM  in  which  we  have  either  homoclinic  points  in  both  sides  near 
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S  or  no  homoclinic  points  near  S.  In  Theorem  1.1  we  show 
that  the  set  of  pairs  (g,f)  near  (g,f)  =  (0,0)  for  which  the 
above  situation  occurs  is  a  manifold  of  codimension  two  in 
(g,f) -space.  Theorem  1.1  also  gives  a  complete  description  of  the  curves 

of  bifurcation  to  homoclinic  orbits  for  (g,f)  in  a  neighborhood  of  zero 
and  not  satisfying  the  above  symmetry  conditions. 

Under  the  above  symmetric  conditions  on  g  and  f, 

we  consider  in  section  3  the  perturbation  of  subharmonic 

solutions  of  odd  order  for  the  unperturbed  equation  outside  S  . 

(For  subharmonics  inside  r+  or  r~,  see  21).  Here,  we 

applied  the  results  in  (51.  We  prove  that  the  bifurcation  curves 
k  k 

Cm  '  CM  to  sub5iarinonics  of  order  k,  k  odd,  approach  the 
bifurcation  curves  Cm  ,  CM  ,  respectively,  as  k  -*• 

Finally,  the  generic  case  when  the  bifurcation  curves 
to  homoclinic  points  in  the  left  and  right  side  do  not  coincide, 
is  treated  in  section  4.  We  consider  there  the  perturbation  of 
subharmonics  of  even  order  outside  S  for  the  unperturbed  equation, 
this  case,  we  prove  that  the  tangents  to  the  bifurcation  curves 
to  subharmonics  at  u  =  0  approach  two  curves  that  are  not 
related  to  the  bifurcation  curves  to  homoclinic  points  as  before. 

In  fact,  the  limit  lines  will  define  a  sector  in  parameter 
space  near  p  -  0  in  which  we  have  subharmonic  solutions 
outside  S  of  even  order  k,  for  large  k. 
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2.  Perturbation  of  the  homoclinics 
Consider  the  second  order  equation 


(2.1)  x  -  x  +  2x3  +  g(x)  =  -\k  +  pf  cos  t  +  f(t)3 


where 

g  is  in  C2r-A,A]  for  a 

convenient  A  >  0, 

g(0)  = 

0,  f 

is  in 

P2lI  and  p  *=  (X,u)  is 

a  parameter  in  R2. 

When 

g  =  0 

f  *  0 

and  p  =  0,  the  point 

(x,£)  =  (0,0)  is  a 

saddle 

point. 

and  the  system  associated  to  (2.1)  has  a  pair  of  homoclinic 
orbits  r+,  r  ,  with  a-  and  u»-limit  sets  being  (0).  We 
are  concerned  with  the  behavior  of  the  solutions  of  (2.1)  in  a 
neighborhood  of  S  *  r+  u  (0)  u  r“#  for  |p|,  |g(2  and  |f|w 

in  a  neighborhood  of  zero. 

Let  us  describe  the  problem  more  specifically.  If  |p|, 

| g t  2  an<*  1  f  |  are  sufficiently  small,  equation  (2.1)  has  a 

2* -periodic  solution  4  »  4(p,g,f)  of  small  amplitude.  Let 

y  **  {  (t,+ (t)  ,4  (t) )  :  t  e  R)  be  its  trajectory  in  R3  and  let 

S  *  S(p,g,f),  U  *  U(p,g,f)  be  respectively  the  stable  and 

3 

unstable  manifolds  in  R  of  y .  We  know  that  the  sets 
S(t)  *  { (x,y)  c  R2  s  (t,x,y)  .  S)  , 

% 

U(t)  =  { (x,y)  r  R2  s  (t,x,y)  ,  U) 

are  periodic.  We  are  interested  in  the  existence  of  a  transverse 
homoclinic  point  to  PQ  ■  (*(0),$(0))  in  a  neighborhood  of 
S;  that  is,  a  point  P  +  PQ  ,  P  •  s(0)  n  u(0)  where  this 
intersection  is  transversal. 

When  y  ■  0  and  f  •  0,  we  can  apply  the  results  in 

[23  separately  to  each  loop  r+  and  r~ .  For  each  one  of  jm, 

we  obtain  a  pair  of  differentiable  curves  through  tevw  in 
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p-space,  which  define  two  sectors  such  that  homoclinic  points 
appear  near  one  loop  for  in  one  sector  and  no  homoclinic 

point  occurs  for  c  in  the  other.  As  we  shall  see  below,  we  can 
also  give  information  about  what  happens  in  a  neighborhood  of 
zero  in  the  (g,f) -space.  In  the  statement  of  our  result, 
figure  1  is  helpful. 

Theorem  2.1.  There  are  neighborhoods  0  of  S,  V 

of  p  =  0,  W  of  (g,f)  =  0  and  two  submanifolds  M  ,  in 

in  M 

2 

C  f -A, A I  *  P 2^  of  codimension  one,  that  divide  W  in  four 
regions  (fig.  1-a)  and  whose  intersection  M  is  a  submanifold 
of  codimension  two  that  divides  '(  ,  <1^  in  two  components, 

such  that: 

(i)  If  (g,f)  t  W  \  IH  u  M  ) ,  there  are  two  pairs  of 

m  ri 

2  i  ± 

distint  C  -curves  C  ,  C„.  ,  i  =  1,2,  which  divide  V  in  four 

m  M 

sectors  (fig.  1-b)  such  that  equation  (1)  has  homoclinic  points 
ir*  U  in  both  sides  of  5  for  p  R,  only  in  the  right  side 

for  p  t  R+,  only  in  the  left  side  for  o  ..  R  and  no 
homoclinic  points  in  U  for  p  in  Rq. 

(ii)  If  (g,f)  c  M*  then  C*  -  Cjjj  =  Cm  (fig.  1-c)  and  we 
have  the  same  implications  as  in  (i) .  Analogous  statement  holds 
for  (g,f)  in  Mm  . 

(iii)  If  (g,f)  c  Mm  ,  the  same  analysis  as  in  (ii)  holds 

1  2 

with  respect  the  curves  CM  and  CM  . 

(iv)  If  (g,f)  *  M  then  we  have  the  situation  in  fig.  1-d 
with  the  implications  in  (i) . 
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Proof :  For  |g|2  small,  the  equation 
I  x  -  x  +  2x3  +  g{x)  *  0 

\  unique  solution  P  =  P(g)  satisfying  p(0)  >  0,  £(0)«0,p(t)  0 

t  +  00  .  Let  r+  =  {  (p(t)  ,£>(t) )  :  t  t  R} .  If  x  is 

lution  of  (2.1),  the  change  of  varibles 
x(t-n)  =  p(t)  +  z(t) 

2.1)  leads  to  the  following  equation  in  z: 

z  +  T-l  +  6p(t)2  +  g'(p(t))'Jz  =  F+  (t,z,i,p,a,g,f) 


F+(t 


, z , z , o , a ,g ,f )  - X p ( t )  -  \t  +  u f COS ( t-a) +f ( t-a)  J 


-  6p(t)z2  -  2z3  -  g(p(t)+z) 


+  g (p(t) )  +  q* (p(t) ) z 


Let  P  =  Pg  be  the  continuous  projection  defined  on 


)  by 


■  oo 

=  p  _ 


Mt)h(t)dt/*i  ,  n  =  A(t)  dt  . 


ma  2.1  in  [2]  now  implies  S(0)  n  U(0)  has  elements  near  r 
and  only  if 

(a)  PF+ (*,z,2,p,a,g,f)  =  0 

2.4) 

(b)  z  =  K(I-P)F+(.,z,4,p,a,g,f) 


:re  Kh  =  K^h  is  the  unique  bounded  solution  on  IR  of  the 
lation 

z  +  (-1  +  6p(t)2  +  g’(p(t))]z  =  h(t). 


in  8(R),  with  initial  value  orthoqonal  to  (£(0),p(0)). 

We  can  now  apply  the  Implicit  Function  Theorem  to 
tain  6  >  0,  v  >  0  such  that  equation  (2.4-b)  has  a  unique 


fr 
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solution  z*  *  z*(p,a,q,f)  for  |p|  <  «,  I g| 2  +  I f |„  <  6 , 

«  1  Pi  satisfying  z*(0,a,0,0)  =  0  and  jz*|  <•  v  .  In  fact, 
z*(0,a,g,f)  =  0  for  a  in  R  and  | g 1 2  +  !  f  | ^  <  6.  Therefore, 
there  exists  a  solution  x  =  x(p,c*,g,f)  of  (2.1)  in  the 
v-neighborhood  of  r+  if  and  only  if 

x(.-o)  *  p  +  z*(p,a,g,f) 

where  (p,a,g,f)  is  solution  of  the  bifurcation  equation 

0  Ob 

G+ ( p , a , g , f )  dif  i  £>F+(.,zJ,i*,p,a,g,f)  -  0. 

From  the  definition  of  F+  in  (2.3),  the  above 
equation  has  the  form 

f  °° 

G+(p,a,g,f)  »  -A  +  •H.j  £fcos(--a)  +  f(*-a)] 

+  Gq  ( p  ,  a , g , f )  *  0 

where  GQ(p ,a,g,f )  »  0 ( | p | 2)  as  |p|  -►  0.  Solving  the  above 
equation  is  equivalent  to  solve 

H+ (0 , p , a , g , f )  -6  +  h+(a,g,f)  +  (8 ,u , a ,g , f )  »  0 

where  H+(e,p,o,g,f)  *  G+<0p ,g ,a ,g, f )/p  ,  Gj^ (8 ,0,a,g,f)  *  0  and 

(2.5)  h+(a,g,f)  ■  M  p[ cos (•-«*)  +  f(«-o)]. 

**  *  —  es 

An  easy  calculation  shows  that  h+  may  be  written  in  the  form 
h+(a,g,f)  «  (-M  pcos) sina  +  M  £f(*-a) 

**  *  mrn  ^  i 

and  then  3h+ («/2,0,0)/da  -  0,  32h+(w/2,0,0)/3a2  >  0.  Hence, 
if  8m  »  h+(w/2,0,0)j  we  have  3H+(&m,0,n/2,0,0)/*a  »  0, 
32H+(Bm#0,»/2,0,0) 3a2  >  0.  The  Implicit  Function  Theorem 
implies  there  is  a  0  >  0  and  a  unique  function 
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ain  =  fllm<B»,1»q»f)  for  le  "  pm  I  »  ii‘i  and  lgi2  +  |  f  |  less 
than  ft  satisfying  u*(Hm, 0 ,0 ,0)  =  tt/2,  jH+  (fe  ,p  ,a*,g,f )/»<*  =  0. 

Thus,  the  function  M*(B,u,g,f)  =  il+  ( i  ,,,  /  f )  ,g ,  f)  )  is  a 

minimum  of  H  with  respect  to  a  for  the  other  variables  fixed. 

Since  M^(er  , 0,0,0)  =  0,  3M+( 8n,0 , 0 , 0) /.'» *  =  -1,  the  Implicit 

Function  Theorem  implies  there  is  a  unique  function  i>*(w,g,f) 

for  lu|/  |g|  2  +  !fla,  less  than  5  satisfyinq  6*(0,0,0)  =  6^  , 

(u  »g,f )  )  =  0.  There  are  two  solutions  of 

H+(p,y,a,g,f)  =  0  on  one  side  of  the  curve  £  =  B*(u,g,f)  and 

no  solutions  on  the  other  side.  The  function  £*  defines  the 
2 

curve  Cm  by  the  relation  X  =  6*(p,a,f)y. 

By  exactly  the  same  idea  we  obtain  a  function 
ajJj(B,u,g,f)  satisfying  a^(BM, 0,0,0)  =  3t/2  , 

3H+(B,p,a*,g,f)/3a  =  0  where  6M  =  h+  ( 3 n/2 , 0 , 0)  . For  a  *  o^(P,h,g,f) , 

the  function  H+ ( ,“,g,f )  is  a  maximum.  Following 

2 

the  last  paragraph. we  obtain  the  curve  C„.  In  fiqure  (1-b)  , 

7  M 

those  curves  define  the  sector  R  u  R+  where  we  have  homoclinic 
points  near  r+  and  Rq  u  R  where  we  do  not  have. 

By  using  the  same  procedure  with  the  solution  q(t)  of 
equation  (2.2)  satisfying  q(t)  -*■  0  as  t  +' *  ,  q(0)  K  0, 

q(0)*0,  r~={(q(t)  ,q(t) )  :t  €  3R  },  we  obtain  the  bilurcatiai  curves  to  homoclinic 
points  in  the  left  side  of  S  ,  C*  and  C*,  respectively  defined  by  the 
equations  M~(B,u,g,f)  =  H_ ( 8 , p ,a“,g, f )  =  0  and 
M^(B,p,g,f)  =  H~ (8 ,u ,au,g,f )  =  0  where  a~ (v  ,0 ,0,0)  =  3n/2  , 

PI  in  m 

aM*YM'0'0,0*  =  v/2'  Ym  *  h  (3u/2,0,0),  rM  =  h  (n/2, 0,0). 

We  will  define  now  the  manifolds  ,  Mu  so  that 

m  M 

the  analysis  described  in  (i)  becomes  obvious.  The  curves  C* 

2 

and  C  will  coincide  if  and  only  if  F  (B,u,g,f)  * 
m  •*  m 

*  M*(0,p,g,f)  -  M~U,u,g,f)  *  0  and  =  C*  if  and  only  if 
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FM(8,y,g,f)  =  M^(8,y,g,f)  -  M~(g,y,g,£)  =  0.  Let  us  define 
w  -  { (g,f)  :  ! g | 2  +  { f {„  <  6}  , 

Mm  =  {(<5»f)  ‘  w  :  -  0), 

Mm  =  {  (g,f )  •:  W  :  FM(B,u,g,f)  -  0}. 

All  the  statements  in  Theorem  1.1  are  now  clear,  except  those 

concerning  the  codimensions.  We  will  prove  below  that  codim 

M  -  2  and  we  observe  that  the  same  proof  shows  that  M  and 

m 

M..  have  codimension  one. 

M 

In  order  to  show  that  codim  M  *  2  ,  let  us  consider 
two  linearly  independent  directions  from  (g,f)  =  0  defined  as 
follows:  we  take 

3  2 

g(x)  =  ga(x)  *  2ax  » 
f(t)  =  fj3(t)  *  bsin2t 

for  ja|  and  |b|  sufficiently  small.  A  straightforward 
calculation  shows  that,  if 

Pa(t)  =  4[  /  a+4  (e*  +  e"*)  +  2a]”1  , 

then  p  ■  p„  and  q  *  -p  _  ,  and  the  functions  F_  ,  F„  are 
a  *a  in  n 

given  by 

F_(8,y,a,b)  *  -  ( f  p„ cos) cose*  +2b(P  p  aos2.)ooe2«*] 

in  n  j  -J0  a  in  j  m  m 

♦  p-acos)cose“  +2b(|  p^oort •)cca2fl” ] 

♦  <3^(6  ,u  ,a,b)  , 


11 

FM(8,u,a,b)  =  (  pacos)cos0^  +  2b(|~  paoos2*)oos20*j 

*  — 10  *  «^o 

oo  f0D 

-  -7I  (  P  cos)  cos oM  -  2b(  p  oae2*)aos2e~] 

£,  “  cl  rl  “a 

—  CO  ^  —Co 

M 

+  G2 ( 6  , w ,  a ,b)  * 

where  G2<B,0,a,b)  -  G2(6,0,a,b)  =  0.  The  expression 

0*  *  ®m(B,u»a,b)  is  defined  by  a* ( B , p  ,a,b)  =  */2  +  e+(B,p,a,b) 
m  in  in  .  in 

and  hence  em{0m»O,O,O)  *  0*  Analaqous  observations  for  the 
other  0's. 

We  must  show  that  the  Jacobian  determinant 
det  3(F  .F„)/a (a,b)  is  different  from  zero  for  (a,b)  *  <0,0) 
and  lp|  small.  The  partial  derivatives  evaluated  at  (6,0, 0,0) 
are  given  by 

3F_  ,m  3Fm 

~ air  =  )_Jech  cos/no  - - dr  ' 

(2.6) 

3Fm  r  3Fm 

— dr  =  4  aechcos2./n0  = 

»  —00 

f"  o 

where  nc  *  p  .  Clearly,  we  only  have  to  show  that  both 

J  —00  ® 

integrals  in  (2.6)  are  different  from  zero.  Evaluating  them  by 
the  method  of  residues,  we  obtain 


sechcos2*  «  2we“Vl  +  e”  " 

•  —CO 

.  CO 

|  sech^cos  *  ue”T,//,^/l  -  e  n  . 
J  —go 

This  completes  the  proof. 


are 


We  observe  that  when  |  g  1 2  an<^  1^1 
sufficiently  small;  with  g(-x)  =  -g(x)  and  f(t+u)  =  _f(t) 
then  (g,f)  is  in  M.  In  fact,  one  can  prove  in  this  case 
that  the  bifurcation  functions  satisfy  G+ ( \ , y , a+« ,g,f )  = 

*  g  (x ,u *a»g»f)  • 


1.1 


3 .  Perturbation  of  the  subharmonics:  the  symmetric  case 


tor  cne  equation 


(3.1)  x  -  x  +  2x^  +  g(x)  =  0  , 


let  p  and  q  be  as  in  the  proof  of  Theorem  2.1,  pg(t)  the 
solution  satisfying  p6(0)  =  ( 1+6 ) p ( 0 )  #  (0)  =  0  for  fi  >  0 

and  | g  J  2  in  a  neighborhood  of  zero.  Then,  '  is  periodic 
with  least  period  u>(6)  and  a  (6)  *•  *•  as  6  *•  0  and 


(pg (t) ,pg (t) )  lies  outside  S  for  all  t  6  IR  . 

If  k  is  a  positive  integer,  let 

u(«k)  =  2kn  and  pk  =  pfi  .  For  a  2;i-neriodic  function  F 

k 

and  a  real  number  A ,  let 


«k  be  such  that 


HkU)  = 


kn 

-kit 


j>k(t)F(t-a)dt  , 


.  f 


HA(a)  =  '  f£>(t)  +  A<J(t)  ]F(t-f»)dt 

J  —  03 


Lemma  3.1.  If  F(t+2n)  =  F(t)  is  given,  then  for 
every  c  >  0,  there  exists  an  integer  K  such  that 


31Hk 

3a1 


(a)  - 


3V 


(a) 


3a 


|Pi 


for 


I 


i  -  0,1,2,  if  one  the  following  conditions  is  satisfied: 

(a)  k  '  K  ,  k  odd,  A  «  -1  and  F  odd  harmonic  in  P2lt 

(b)  k"  K  ,  k  even  and  A  *  1. 


Proof :  Let  e  >  0  be  given  and  suppose  k  odd, 
A  ■  -1  and  F(t+n)  ■  -F(t) .  We  will  prove  first  that 

1 

! 


O  <*'  fO 

|  pF(*-a)  -  <^F  ( •  -a )  -  6  F<*-«)|  <  xlF^ 

-  — "  o  '  -Jen 

for  k  -  K.  The  case  i  =  0  will  he  proved  since  the  other 
part  is  symmetric. 

Let  T  58  T(k)  be  the  point  in  (0,k*)  for  which 
Pk(T)  *  0.  By  choosinq  K  sufficiently  large  we  have 

|f  %F(*-«)  *  [  <*F(--a)|  <  4|F!io  ,  k  2  K  . 

1  -oo  J  t 


Now, 


f°  fT  f-T 

I  £>F(.-a)  -  ^F(--a)  -  £vF(.-a)  -  £.F(—a)|  = 

' -T  o  J-kn  J-T  * 

rO  fT  f-T+kfl  fO 

*  Ij  £>F(«-a)  -  4F(*“a)  +  j  ^  ( •-kr )  F  ( •  -u'  -  j  ^j^F  ( •— a)  | 


By  making  the  change  of  variables  x  *  p(t) ,  x  *  q(t) , 
x  =*  Pj^t-kn)  and  x  *  p^tt)  separately  in  each  one  of  the 
above  integrals  and  denoting  the  inverses  respectively  by  t+ (x) , 


and 

t£(x)  ,  the 

last 

expression  becomes 

p  <  0) 

rPk(°) 

X 

F ( t  ( - ) -a)  - 

#V 

F(t7(.)-o)  ♦ 

p(-T) 

o 

K 

rq(T) 

o 

• 

F(t”(.)-o)  + 

F ( tT { • ) -a)  1  . 

Jq(0) 

Pk<*> 

in)  k 

If  we  fix  o  ,  0  •  o  <<  1  ,  then  we  have  for  the  first  modulus 


in  the  above  expression,  say  Z^t 


Cl  '  lJp(-T)F(t  (*)"°,)l  +  U,.  -  F(t^(-)-a)]|  + 

+  if  F(tV(*>-aH  +  lfPk(  F{t+(  •)-/»)  |  : 

Jo  Jp(0) 

rp(0) 

58  °IFL  +  J  lF<t  <•)-«)  -  F(t£(->-a>|  +  a|Pj^  +  ^(0)  |p 


Since  t*(x.)  -*  t+(x)  uniformly  in  compact  sets  and  «n  ♦  o  as 
n  -*  «  ,  the  last  expression  can  be  made  less  than  (e/8)  If  I 

I  I  oo 

for  large  k  and  small  a  .  For  the  second  modulus,  similar 

estimates  can  be  obtained  taking  into  account  that  t~(x)  -*•  t~ 

n 

uniformly  in  compact  sets  and  pn(-nir)  -*■  q(0)  as  n  -*• 

For  the  case  i  *  1  }  we  note  that 
i,  fkn-a 


^  fkn-a 

H  (a)  -  f>v(-+a)F, 

' -kn -a  K 


J-kv-a  n 

and  since  f>k(kn)  =  ^(-kn)  =  0  , 

fkn— a 


Similarly, 


/Kit-a 

•—(a)  =  p.  (  *+a)F  . 

•*-kn-a 

IA  f” 

■^~(a)  —  j  Tp(*+a)  -  q(*+a)]F 


if  F  is  a  smooth  2 n -per iodic  approximation  of  F  ,  we  define 


+a)F  , 


~  •♦«) JF  . 
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Hence , 


If  F 
can  be 


is  sufficiently  close  to  F 
made  less  than  (e/3) jF|_  . 
.A 


3H 


3a 


(a)  - 


If 

3H 

3a 


(a)  *= 


each  of  the  above  expressions 
On  the  other  hand. 


The  proof  of  part  i  =  0  shows  that,  for  large  k,  the  last 
expression  can  be  made  less  than  <  e/3 ) I F | ^  . 

Finally,  for  i  *  2, 


- 2 — (a)  *  -p(kn)  F(kit-a)  +  Pk  (-kfl)F(-kn-a)  + 

3  a* 

Ikn-a 

( *+a) F  . 

-ktr-a 


3  Jr  2 

Since  p  is  continuous  then  3  H  /3a  is  continuous  and  the 

2  A  2 

same  holds  for  3  H  /3a  .  Similar  estimates  can  be  obtained 

taking  into  account  that  p(-kw)  «  p^tkw)  is  bounded  as  k •  . 
Part  (a)  is  then  proved.  The  proof  of  part  (b)  is  analogous, 
with  obvious  modifications.  The  proof  is  complete. 


By  using  the  same  steps  of  the  last  proof,  one  can 


prove  the  following  results 
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Lemma  3.2.  If  p,  q  and  pk  are  as  above  and  if 

(F^(t)>  is  a  uniformly  bounded  sequence  with  in  suc^ 

that  F^  -►  F  uniformly  in  compact  sets  as  k  *  *  ,  then  for 
every  e  >0,  there  is  a  K  such  that 

!]  f>kFk  -  j  [f.  +  ,\f[ ] F |  •:  < 

■'-kit  - 

holds,  if  one  of  the  conditions  (a),  (b)  in  Lemma  3.1  is  satisfied. 

In  (a),thecondition  on  F  is  replaced  by  <' id  harmonic  in 

P2kn  * 

Let  us  consider  now  the  equation  (2.1)  with  the 
symmetric  conditions  g(-x)  =  -g(x)  and  f(t-rn)  =  -f(t).  In 
this  case,  the  solutions  p  and  q  of  (2.2)  defining  r+,  T  satisfy 
q(t)  *  -p(t)  for  t  in  R.  We  seek  here  subharmonics  of  order 
k  for  k  odd,  so  let  h  =  h+  from  Theorem  2.1,  that  is, 

f  09 

h(a,g,f)  *  -jM  pfcos(*-ii)  +  f(--a)  )  . 

J  —  CJO 

We  recall  from  that  proof  that  3h ( n/2 ,0 ,0) /3a  =  0, 

2  2 

3  h ( tt/2 , 0 ,0) /3 a  >  0  and  so  there  exists  a  unique  function 
«*(g,f)  for  |gl2  +  |f|w  small,  satisfying 
3h(a*(g,f )  ,g,f)/3a  =  0,  a*(0,0)  =  it/2.  So,  a*(q,f)  is  a 

point  of  minimum  for  h(a,g,f) .  Also,  there  is  a  unique 
function  a£(g,f)  with  a^(0,0)  *  3n/2  such  that  a*(g,f) 
is  a  point  of  maximum  for  h(a,g,f). 

For  k  an  odd  integer,  let 

“  -r-f"  Vco,|-*',>  *£(— 


(3.2)  (a  ,g,  £) 
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By  Lemmas  3.1  and  3.2,  there  exists  a  K  such  that  each  h^ 

for-  k  ‘  K  ,  k  odd,  has  a  minimum  at  ,  a  maximum  at 

and  i>!  *  i>*  i  “m  *  aM  as  k  ►  *" .  Let  us  also 

M  iu  in  mm 

assume  here  that 

(3.3)  ^7(6)  «■  0 

do 

for  6*0  in  a  neighborhood  of  zero.  Let  C  and  CM  be  the 

n  M 

bifurcation  curves  defined  in  Theorem  2.1,  part  (iv).  We  can  now 
prove  the  following  result: 

Theorem  3.1.  Under  the  above  conditions,  there  are 

neighborhoods  U  of  S ,  V  of  p  =  0  and  an  integer  K  such 

2  k 

that  for  any  odd  integer  k  ^  K  ,  there  are  two  C  -curves  Cm  , 

k  k  k 

C*  in  V  respectively  tangents  to  X  *  '  X  “  v 

at  v  *  0  so  that  those  curves  divide  V  into  disjoint  sectors 

R*  ,  R*  such  that  equation  (2.1)  has  no  subharmonics  of  least 

k  k 

period  2kn  in  U  *  R  for  p  «  R*  and  at  least  two  for  0  R  . 

Furthermore,  C*  C  and  -*■  CM  as  k  •  along  the  odd 

mm  mm 

integers. 

Proof.  In  this  proof,  k  will  always  be  an  odd 
integer,  we  choose  K  so  that  for  k  ?  K  the  orbit 
rk  ■  ( (p^tt) ,^k(t) )  :  t  £  R)  is  contained  in  the  set  U  of 
Theorem  2.1.  If  x(t)  is  a  solution  of  (2.1),  the  change  of 
variables 

x(t-a)  •  Pjj(t)  ♦  *(t) 


leads  equation  (2.1)  to 


(3.4) 
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z  +  r-i  + 


6F\<t)  +  g' (p^tt))  Iz  =  I'Y  ,>,.*,a,f) 


Fk(t,z#i,,  fa,g,f)  =  -  Az  +  i!'cos(t-«)  +  f(t-ci)  I 

-  bpy(t)z2  -  2-l  -  g(pk(t)+z)  +  gfpj^t)) 

+  g1  (f\(t) ) z  . 

For  the  equation  z  +  I -i  +  6p^(t)2  +  g' (p^(t) ]z  =  F(t) 
where  F  is  2kn -periodic ,  hypothesis  (3.J)  implies  it  has  a 
2kn-periodic  solution  if  and  only  if 

i-k  r, 

Mt)F(t)dt  =  0  . 

•'-kit  K 

If  Pk  is  the  contiguous  projection  defined  on  P2k-«  by 


then  there  is  a  unique  2kn -periodic  solution  K^F  with  initial 
value  orthogonal  to  (£>^(0)  ,0^(0) )  ,  and  defined,  on  (I-P];)P2kii 

is  continuous  and  linear.  Furthermore,  there  exist  constants 
C  and  e  •»  0  independent  of  k  such  that 

(3.5)  |KkU-pk)rl1  ^  Ce_t^  |F|iu  ,  |t|  ;  kn 

(see  l 1 ] ,  Lemma  11.4.6).  Therefore,  equation  (2.1)  has  a 
2kir-periodic  solution  near  p^  if  and  only  if 

( a)  P^F j^(*fZ,&,p,a,9ff)  *  0 

(3.6) 


(b)  z  -  K.  (I-P.  )F.  (•  ,z,i,p,a,g,f)  . 
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We  can  now  use  the  Contraction  Mapping  Principle  to 
lation  (3.6-b).  I3y  using  estimates  (3.5)  and  the  fact 
and  f>k  are  uniformly  bounded  in  R  ,  we  obtain  6  >  0 
0  independent  of  k  such  that  equation  (3.6-b)  has  a 
slution  z*  =  z*(p,a,q,f)  for  |  o  |  <  ,  |q|2  +  |f!<B<  « 

ig  |z*|  <  v.  Thus,  subharmonics  of  order  k  near  rk 
rmined  by  the  solutions  p  ,  <*  of  the  bifurcation 


Gk  (o  ,a  ,g,  f ) 


1  fkr 

—  p^v(- =  0. 

nk  J-k*  k  K  K  K 


are,  the  number  v  can  be  chosen  so  that  all 
nics  that  are  obtained  in  that  way  belong  to  the 
hood  U  of  r  . 

By  the  definition  of  Fk  in  (3.4),  the  above  equation 
form 


-x  +  jih.  U,g,f)  +  G.  (p,a,g,f)  =  0 


k(p,a,g,f)  =  0  ( I P  I  )  as  |p|  -♦  0.  The  bifurcation 

If  V 

Cm  ,  CM  are  now  obtained  by  exactly  the  same 
e  as  in  Theorem  2.1.  In  order  to  prove  the  statement 
rgence,  we  observe  first  that  zj*  is  odd  harmonic,  and 
k(  •  ,z£,4*,p  ,a,g,f )  .  Furthermore,  since  pk  ■*  p  and 
uniformly  in  compact  sets  as  k  >•  »> ,  then 
,p,a,g,f)  *  F+ (t,z,i,p,a,q,f)  uniformly  for  all  the 
8  in  compact  sets,  and  from  Lemmas  3.1  and  3.2, 

F+  uniformly  in  compact  sets  as  k  ►  «>,  k  odd.  By 
ty  with  respect  to  initial  data,  z£  -*•  z*  and  so 
*£,P,a,g,f)  ♦  F+  ( t ,  z* ,  S  * ,  p  ,  a ,  g ,  f )  uniformly  in  compact 
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4.  The  nonsymmetric  case 

Let  p(g),q(g),  lgl2  sufficiently  small,  be  the  solutions 
of  (2.2)  defining  the  homoclinic  orbits  r+(g),r  (g)  in  the  proof 
of  Theorem  2.1.  Suppose  gQ  is  a  fixed  function,  p  =  P(g0K 
q  *  q(gQ) ,  and  gQ  satisfies  the  nonsymmetric  condition 


(4.1) 


ftp 


(t)  +  q  (t)  ]  cos  t  dt  M  . 


In  order  to  fix  ideas,  let  us  suppose  the  integral  in  (4.1) 


is  positive. 

Our  objective  is  to  discuss  the  existence  of  subharmonic 
solutions  of  (2.1)  of  order  it,  k  even,  outside  T+(g)  U  {0}  U  V  (g) 
for  g  in  a  neighborhood  of  gQ  and  f  in  a  neighborhood  of  zero. 
To  simplify  notation,  let  p  =  p(g) ,  q  =  q(g)»  From  Lemma  3.1, 
we  expect  the  curves  of  bifurcation  of  these  subharmonic  solutions 

cc  be  related  to  the  function 

i  r 

H(;\,ct,f)  =  —  (p  +  «j)fcos(*-\:  +  f(*-a)J  , 


t  -  j  (t*>  +  cj)p  . 

>  —  .X- 

It  is  easy  to  sea  that  H  may  be  written  in  the  form 

•  »  C  J' 

II(ct,g,£)  =  -l-f!  (p+q)  cos  Isinu  +  — •  (£>+^[)  f  (  *-a)  . 

'i  2 

Wc  then  notice  that  (  n/2,g  , 0)  /.»>*  =  0,  >‘H(V2,g|o,0)/Oa  0 

and  so  there  is  a  unique  function  a*(g,f)  defined  for 
|g  -  gQ!  2  +  ;  t !  _  small  satisfying  t*(go,0)  -  /2  and 

a*(g,f)  is  a  point  of  minimum  for  H(a,.r,f>.  Also,  there  is  a 
unique  function  .t*(g,f)  for  |q  -  2  +  • 1  smali 

satisfying  a* (go,°)  =  3^/2  and  «*(o, f)  is  a  point  of 
maximum  for  K(a,g,f). 


For  k  an  even  inteqer,  let  H^(a,a,f)  be  defined  by 
formula  (3.2).  By  Lemmas  3.1  and  3.2,  there  exists  an  inteqer  K 

such  that  each  function  11^  ,  for  k  •  K  ,  V  even,  has  a 

^  k  k 

minimum  at  »  (q,f),  a  maximum  at  »,,(<t,f)  and  a  -»  o*  , 
m  M  mm 

If 

ttM  -►  a*  as  k  *  ~ .  We  v/ill  also  assume  that  hypothesis  (3.3) 
is  satisfied.  By  exactly  the  same  procedure  as  in  Theorem  3.1, 
we  can  prove. 

Theorem  4.1.  Under  above  conditions,  there  are 

neighborhoods  U  of  S  ,  V  of  =  0  and  an  integer  K  such 

2 

that  for  any  even  integer  k  K  ,  there  are  two  C  -curves 

k  k  k 

,  CM  in  V  respectively  tangents  to  X  -  Hk(am)u  , 

V 

X  =  H.  (a,.)w  at  u  =  0  so  that  those  curves  divide  V  into 

k  k 

disjoint  sectors  R  ,  Rq  such  that  equation  (2.1)  has  no 

k 

subharmonics  of  least  period  2k*  in  U  *  :v  for  p  in  RQ 
and  at  least  two  for  p  in  R  .  Furthermore,  the  above 
tangents  approach  x  =  H(o*)p  ,  •  =  H ( a* ) u  respectively  as 


J. 
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